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Abstract
Advances in technological development, especially in 3D printing, allow engineers to design

components with almost arbitrary shape and connectivity. Consequently, more and more
attention is being directed towards a highly-specialized application-driven component design
based on topology optimization (TO). In the present work, we propose a methodology enabling
TO of components in contact with flowing fluids. In particular, the optimization itself is based
on multi-objective evolutionary algorithms (MOEAs) with the component geometry encoded
using a binary representation. The optimization criteria are evaluated via computational
fluid dynamics (CFD). The main novelty of the proposed TO framework lies in its robustness
and effectiveness achieved by utilizing a single computational mesh for all the tested designs
and projecting the specific components shapes onto it by the means of an immersed boundary
method. The new methodology capabilities are illustrated on a shape optimization of a diffuser
equipped as a part of an ejector. The optimization goal was to increase the ejector energy
efficiency. The newly proposed methodology was able to identify a design by roughly 9 %
more efficient than an alternative one found utilizing a previously published and less general
optimization approach.
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1 Introduction
Thanks to the ongoing technological advance, engineers can design and manufacture device compo-
nents with almost arbitrary shape and connectivity. Thus, the component topology can be designed
precisely to a specific application, which promotes usage and development of various topology op-
timization (TO) methods [1]. According to the literature, there are two approaches to the TO,
deterministic and stochastic one [2]. In both the approaches, a representation of the optimized
structure is required. Such a representation may be supplied for example by Bézier curves, Voronoï
representation, or using a structure binary representation [2, 3]. Next, both the approaches need a
cost function, that can be optimized based on a specified optimization criteria. Nonetheless, there
is a fundamental difference between the two approaches.

The deterministic approach uses standard methods of mathematical optimization (SMMO), e.g.
gradient techniques or methods based on sensitivity analysis [2], to optimize the cost function. The
deterministic approach was used for example by Jensen and Sigmund [4] to optimize a material
distribution in a photonic crystal or by Ma et al. [5] to design a structure of acoustic cloaks.
Nevertheless, the SMMO are, by definition, local. Thus, they start from a preset initial topology,
test a small amount of intermediate topologies and converge to a local optimum. Thus, the
deterministic approach is efficient for finding a local optimum of the cost function. However, to
estimate the global optimum, it is necessary to either conduct an analysis of the problem specific
cost function or to restart the TO multiple times using different starting topologies.

On the other hand, the stochastic approach can converge towards the global optimum in a single
optimization run, since the stochastic methods are able to explore a significant part of the para-
metric space using random operators [6]. A popular group of the stochastic optimization methods
are multiobjective evolutionary algorithms (MOEAs) [6]. Due to their robustness, MOEAs have
been already used by numerous authors, e.g. by Hur et al. [7] to perform a topology optimization of
mechanically stressed component or by Boichot and Fan [8] to solve area-to-point heat conduction
problems.

In the present contribution, we focus on TO of device components that come in contact with
flowing fluids. More specifically, we concentrate on the cases in which the cost function evaluation
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is based on methods of computational fluid dynamics (CFD). Optimization of such components
was already presented by e.g. Koguchi et al. [9], Kubo et al. [10]. However, up to the authors
knowledge, all the published CFD-leveraging TOs are performed via the deterministic approach
and SMMO. In this work, we base the TO on the stochastic MOEAs combined with the binary
representation of the component structure, which allows for development of a robust and general
TO framework that requires no prior knowledge of the cost function properties nor of the expected
optimized component topology.

The proposed TO methodology is based on a connection of MOEAs and CFD. The robustness
and stochasticity of MOEAs demands numerous cost function evaluations. Thus, basing the cost
function on CFD makes the final methodology computationally challenging. In order to make the
optimization more effective, we used an approach similar to the one in [9, 10], i.e. we extended the
standard CFD methods by an immersed boundary method, the hybrid fictitious domain-immersed
boundary (HFDIB) method [11] in particular, which allowed us to use a single computational mesh
for all the tested topologies and thus to lower the necessary computational efforts.

The methodology is illustrated on a proof-of-concept problem of shape optimization of a diffuser
equipped as a part of an ejector. The optimization goal is to increase the ejector energy efficiency.
This particular problem was chosen, because we have already conducted an optimization of the
same component using a similar but less general optimization methodology, see [12]. The less
general methodology was validated on experiments; thus, it gave us a referential solution, which
was used to evaluate the proposed methodology capabilities.

2 Methods
The present section is devoted to a description of the proposed methodology. We start with a
general description of the optimization problem and MOEAs. Next, the illustrative example of the
diffuser shape optimization is used to present the optimization parameter space and cost function.
Lastly, we discuss the overall optimization strategy.

2.1 Optimization problem and multiobjective evolutionary algorithms
Optimization problem Let P ⊂ Rn be a parameter space, O ⊂ Rm an objective space and
fcost : P → O mark a vector-valued cost function. Then a general multiobjective-multiparameter
optimization problem can be written as

find p̃ ∈ P such that min
p∈P

fcost (p) = õ := fcost(p̃), (1)

where, in the studied setting, p is a vector of parameters defining the component topology and the
vector o contains optimization criteria supplied by a CFD-based cost function.

Multiobjective evolutionary algorithms The problem (1) can be solved using multiobjective
evolutionary algorithms (MOEAs). In general, MOEAs mimic principles of natural evolution
using random operators. In particular, MOEAs work with a population of individua, where one
individuum is defined by a vector of parameters p and a criteria vector o. Then, the algorithms
work in cycles corresponding to generation and randomly recombines the properties of the best
performing individua of each generation in order to identify the fittest individua overall, i.e. the
Pareto optimal set of the problem (1). The specific MOEA chosen in this work was the NSGA-II
algorithm of Deb et al. [6].

2.2 Problem parameter space and cost function
Independently of the chosen solution algorithm, the problem (1) needs to be supplied by a param-
eter space P and objective space O. Without loss of generality, we describe the structure of both
the spaces using the proof-of-concept problem of the diffuser shape optimization. The diffuser
equipped as part of an ejector is illustrated in Fig. 1-a). The parameter space P comprises all
the possible component topologies. However, the size of P is limited by defining the component
maximum dimensions, see Fig. 1-c). Next, new component (diffuser) topologies are created by
filling the biggest acceptable shape with material. To work with a finite number of topologies, the
parameter space is discretized using a binary representation of the biggest acceptable shape.
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Figure 1: (a) Ejector with diffuser part highlighted in red. (b) Original diffuser shape with indicated
symmetry axis σ. (c) The biggest acceptable diffuser shape.

Binary representation The formation of the binary representation for the diffuser, which is axi-
symmetric, is given in Fig. 2. The formation starts from the biggest acceptable shape, see Fig. 2-a),
which was discretized into a finite number of topology cells, see Fig. 2-b). Then, each cell is filled
with either material or void, see Fig.2-c). Afterwards, the cells with material are assigned ones
and cells with void zeros, and the topology is transcribed into a binary representation matrix Bp,
see Fig. 2-d). Lastly, the matrix Bp is reshaped into the parametric vector p.

a)
diffuser region

σ

b)

c) d) 1 1 1 1 1 1 1 1
0 1 0 1 0 0 1 1
0 0 0 1 1 0 1 0
0 0 0 0 0 0 0 0

Figure 2: Formation of the topology binary representation in a 2D axi-symmetric projection. (a)
Diffuser region with indicated symmetry axis σ and highlighted inlet and outlet (blue lines) and
outer wall (red line). (b) Diffuser region discretized into topology cells. (c) Exemplary diffuser
topology. Topology cells are filled with either material or void. (d) Transcription into the binary
representation matrix.

Acceptable topologies Let us note that the stochastic approach to TO is based on a random
recombination of the vectors p. In particular, the optimization algorithm generates a vector p and
passes it to the cost function, in which the vector p is reshaped to Bp and Bp is used for the CFD
model construction. Thus, MOEA by itself does not understand the geometrical meaning of the
vectors p and can generate p leading to physically unacceptable component geometries. In fact,
the vast majority of Bp originating from randomly generated p leads to geometries for which a
reasonable CFD model cannot be constructed. Consequently, the MOEA optimization with CFD-
based cost function needs to be endowed with topology acceptability conditions, which are usually
problem-specific.

For the particular case of the diffuser shape optimization, we defined three conditions the
topology must satisfy to be acceptable, (i) the topology must be permeable, i.e. there must
exist a continuous way between the inlet and outlet (see blue lines in Fig. 2-a), (ii) it must be
manufacturable, so all the material must be connected to the outer wall (see the red line in Fig. 2-
a), and (iii) it must not contain closed cavities. The geometries containing closed cavities are
unacceptable because they have the exact same flow geometry as shapes that have the cavities
filled with material. Examples of acceptable and unacceptable topologies are shown in Fig. 3.

TOPICAL PROBLEMS OF FLUID MECHANICS 121_______________________________________________________________________



a) b)

c) d)

Figure 3: (a) Acceptable topology. (b) Topology violating the manufacturability condition. (c)
Topology with a closed cavity inside the material. (d) Impermeable topology.

Optimization criteria Using the topology acceptability conditions, it is either possible to reduce
the space P to the acceptable topologies Pa, or to extend the CFD-based cost function in a way
that the optimization algorithm can differentiate between acceptable and unacceptable component
topologies, i.e. between p ∈ Pa and p ∈ P\Pa. In the present work, we opted for the latter and
defined the problem cost function as

o := fcost(p) = Q(p) +wS(p) , Q(p) =

{
q(p) ifp ∈ Pa

0 else , S(p) =

{
0 ifp ∈ Pa

s(p) else (2)

where q are the optimization criteria computed using CFD, s is a penalty function based on the
problem-specific topology acceptability criteria, and w is a vector of weights. The penalty function
used in the diffuser shape optimization was defined as s(p) = Γ1γ1 + Γ0γ0 + ΓF γF , with γ1 being
the number of topology cells with material not connected to the outer wall, γ0 the number of cells
inside closed cavities and γF the number of columns of Bp not connected to the topology inlet, i.e.
unreachable for the fluid. Finally, Γ1, Γ0 and ΓF are problem-specific method hyper-parameters.
From the (2), it can be seen that P contains all the possible vectors p. However, the optimization
criteria for p /∈ Pa are computed using an algebraic relation and do not require the CFD model
construction.

CFD model The optimization criteria for any p ∈ Pa are evaluated using CFD. The construction
and evaluation of the CFD models was done using standard CFD methods as implemented in the
open-source finite volume (FV) C++ CFD library OpenFOAM [13]. However, in order to allow
for usage of a single FV mesh for all the CFD computations, the CFD methodology was extended
by a custom implementation of the immersed boundary method, HFDIB, presented in [11].

The flow affecting the optimized component is simulated via a standard set of the Navier-
Stokes equations. For example, in the diffuser shape optimization, the fluid was considered to be
Newtonian and the flow was assumed to be steady-state, incompressible and isothermal. Thus, the
problem was governed by equations of the form

M(u) = −∇p̃+ g + fib

∇ · u = 0
,

M(u) = ∇ · (u⊗ u)−∇τ

fib = cell(λ) (M(uib) +∇p̃− g)
(3)

where u and p̃ are velocity and kinematic pressure, respectively, g is gravitational acceleration, τ
stands for viscous stress tensor and fib is the force term generated by HFDIB.

Let us recall that geometrically, the FV mesh Ω on which the equations (3) are solved corre-
sponds to the biggest acceptable shape. However, the binary representation Bp defined by p ∈ Pa

effectively enforces the division Ω = Ωs ∪Ωf , Ωs ∩Ωf = ∅, where Ωs is the part of Ω filled with the
material and Ωf is available for the fluid flow. The term fib in (3) represents the force that needs
to act on the fluid to prevent the flow from entering Ωs and to enforce the prescribed boundary
conditions on ∂Ωib. The term fib depends on a scalar field λ ∈ [0, 1], which is a projection of Bp

onto the FV mesh Ω. The FV grid Ω is usually significantly more refined than the topological dis-
cretization encoded in Bp, which allows for smoothing of the λ field and removing the castellated
component boundaries caused by the coarse topology discretization.

In the diffuser shape optimization, the mesh Ω was axi-symmetric and its boundary ∂Ω was
divided as

∂Ω = ∂Ωinlet ∪ ∂Ωoutlet ∪ ∂Ωwall ∪ ∂Ωib (4)
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Boundary Conditions Boundary Conditions

∂Ωinlet
u = −Qinletninlet/Ainlet ∂Ωwall

u = (0, 0, 0)T

ninlet · ∇p = 0 nwall · ∇p = 0

∂Ωoutlet
noutlet · ∇u = (0, 0, 0)T

∂Ωib
u = (0, 0, 0)T

p = 0 nib · ∇p = 0

Table 1: Prescribed boundary conditions, where Q marks the fluid volumetric flow rate, n is the
outer unit normal to the boundary and A is area.

where ∂Ωinlet and ∂Ωoutlet represent the fluid inlet and outlet, respectively. Next, ∂Ωwall represents
solid boundaries and ∂Ωib the immersed boundary. The governing equations (3) were completed
by boundary conditions for velocity u and kinematic pressure p̃ listed in Tab. 1.

Finally, the CFD model was simulated in a laminar regime and the resulting velocity and
pressure fields were used to estimate the diffuser energy efficiency. The energy efficiency was ap-
proximated by a so-called pressure recovery factor cp that indicates the pressure recovery efficiency
of the diffuser and is strongly correlated to the overall ejector efficiency [12]. The pressure recovery
factor was defined in agreement with [14] as

cp =
1

1
2ρu

2
ref

 1

||Aoutlet||

∫
Aoutlet

p dS − 1

||Aref ||

∫
Aref

p dS

 =: −o(p) (5)

where ρ is the fluid density, p is the static pressure and uref is the mean streamvise velocity over area
Aref . The areas Aoutlet and Aref were cross sectional areas perpendicular to the main flow direction
placed at the outlet and at a reference position one centimeter before the diffuser, respectively. Note
that this proof-of-concept optimization was single-objective as o = −cp. However, the methodology
itself is general.

2.3 Optimization strategy
As it was stated above, the parametric space P consists of both acceptable and unacceptable
topologies, i.e. P = Pa ∪ Pn, Pn = P\Pa and the cost function distinguishes between Pa and Pn

and uses either CFD or penalty function to compute optimization criteria. However, it holds that
|Pn| ∼ |P| and consequently |Pn| ≫ |Pa|. Thus, to obtain a robust optimization framework, a
specific strategy is needed. The proposed strategy is illustrated in Fig. 4 and it comprises three
steps, preliminary optimizations (POs), initial optimizations (IOs) and the final optimization (FO).

The preliminary optimizations purpose is to set the penalty function hyper-parameters, Γ. The
POs use a modified cost function, since the CFD results are not relevant at this time. The modified
cost function is

f̃cost =


1

N1
ifp ∈ Pa

s(p) else
,

in general: s(p) = Γ · γ
e.g. diffuser: s(p) = Γ1γ1 + Γ0γ0 + ΓF γF

(6)

where N1 is a total number of cells containing material. A single PO then starts from a randomly
generated population and it is terminated, when the population is dominated by a single acceptable
shape. The optimization convergence rate is strongly dependent on the hyper-parameter values.
Hence, POs are used to tune the hyper-parameters Γ to make the MOEA convergence as fast as
possible. In a general case, tuning Γ requires to run low tens of POs.

Next, the initial optimizations are performed. The purpose of IOs is to create a representative
sample of acceptable topologies, PA = {pk ∈ Pa}nk=1. An IO uses the cost function (6) with the
tuned hyper-parameters and starts from a randomly generated population. The first acceptable
topology the IO finds quickly propagates in the population until the whole population is dominated
by it. Then the dominant topology slowly changes towards a specific topology enforced by the
definition of the cost function (6). Ergo, each IO always gives a single p ∈ Pa, provided it
successfully converges. Hence to create a sample PA of size n, it is necessary to run roughly n IOs.

The last step of the proposed TO framework is the final optimization, the goal of which is to get
the optimized component itself. The FO initial population is formed by the representative sample
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Figure 4: Schematics of the optimization strategy.

PA, which is extended by randomly generated topologies. During the framework design, it was
found out that running the FO with a population comprising PA of size n extended by n/2 random
shapes significantly improves the NSGA-II convergence properties. In particular, this extension
allows the algorithm to find acceptable topologies that are not similar to any p ∈ PA. The FO uses
the CFD-based form of the cost function (2) and provides an estimate of the problem (1) global
solution.

3 Results
To solve the proof-of-concept optimization problem, we first needed to prepare the CFD model
computational domain. The diffuser axi-symmetry was leveraged to prepare a 2D axisymmetric
computational mesh Ω corresponding to the biggest acceptable diffuser shape, which was 13 cm
long with the outlet diameter of 5 cm. Based on a mesh resolution independence study, see Fig. 5a),
c)-e)1, we discretized Ω into FV cells of characteristic size ≃ 0.5 mm. As a result, the diffuser
region consisted of 13000 FV cells. Then, we discretized the diffuser region into 520 topology cells.
Hence, one topology cell corresponded to 5×5 FV cells. Lastly, we set the Qinlet to 1.5 l/s and the
fluid kinematic viscosity to 10−3 m2/s, resulting in the Reynolds number Re = 100 at the diffuser
inlet.

Next, we followed the described optimization strategy. We first ran 12 POs and set the hyper-
parameters Γ1,Γ0 and ΓF to 5.0, 10.0 and 300.0, respectively. With these hyper-parameter values
and utilizing a standard laptop, the POs were able to converge in about 2 minutes. Then, 305
IOs were performed, 300 of which successfully converged to a unique acceptable shape. Hence,
the obtained representative sample PA had the size of 300. This sample was mixed with 150
randomly generated topologies to obtain an initial population of 450 unique individua for the final
optimization.

The FO ran for 70 generations. Thus, it evaluated 70·450 = 31500 topologies. The optimization
ran for roughly 56 hours on a cluster with 90 CPUs using a parallelized population evaluation.
Over the generations, the variance in the population lowered and the optimization converged to a
single ideal shape. The FO progress and results are given in Fig. 5. The decrease in shapes variance
and increase of their performance may be seen in the figure left hand side. On the right hand side,
we compared the resulting optimal shape, the default shape and a shape acquired using the less

1In the mesh size independence study, we compared the fcost values obtained via HFDIB-based CFD to the
results from a shape-conforming mesh. The mesh shown in Fig. 5-d) was used as a compromise between accuracy
and computational costs.
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general methodology, where we did not stochastically add material, but we randomly moved 5
control points defining the diffuser shape. For details on the less general methodology, see [12].
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Figure 5: (a) Final optimization progress with generations indicated in the legend and the relative
performance of the default shape (circle), shape found via the less general approach (square) and
shape found via the proposed methodology (pentagon) highlighted. (b) Qualitative view of the
three shapes highlighted in (a) colored by radial velocity and with indicated streamlines. Next,
there is their relative energy efficiency ER = cp/cp,default. (c)-(e) Qualitative views of the three
tested meshes colored by the λ field. Used mesh corresponds to full symbols. Results from a
shape-conforming mesh are marked by empty symbols.

The diffuser shape found by the newly proposed methodology had by 76 % higher energy effi-
ciency then the default diffuser shape and by 9% higher then the shape found via the less general
approach. Note that altough the computing resources required to evaluate the optimization are
quite high, MOEAs are highly scalable. In particular, each individuum of a single generation may
be evaluated independently. Furthermore, the scalability of a single individuum evaluation is lim-
ited only by the scalability of the used CFD software. Consequently, the proposed methodology
is able to effectively use the available computing resources. Furthermore, the parameter space
sampling performed by MOEAs may be combined with machine learning to further improve the
framework efficiency, see e.g. [15].

4 Conclusion
In the present contribution, we proposed a robust and general methodology for topology optimiza-
tion in fluid dynamics that links MOEAs, CFD and HFDIB. The methodology was applied to
increase the energy efficiency of a diffuser equipped as a part of an ejector. The diffuser shape
found via the new methodology was 76 % more energy-efficient than the default shape and roughly
9 % more efficient than a shape found via an alternative shape optimization method. The main
contribution of the new TO methodology lies in its robustness with respect to the cost function
properties and in the fact that virtually no a-priory assumptions on the final optimized shape have
to be made. However, to improve the methodology practical usability, it is necessary to extend it
by a cost-efficient turbulence modeling, which boils down to implementing wall functions into the
HFDIB method.
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