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Abstract

Transport-dominated systems are pervasive in both industrial and scientific applications.
However, they provide a challenge for common mode-based model order reduction (MOR)
approaches, as they often require a large number of linear modes to obtain a sufficiently
accurate reduced order model (ROM). In this work, we utilize the shifted proper orthogonal
decomposition (sPOD), a methodology tailored for MOR of transport-dominated systems,
and combine it with an interpolation based on artificial neural networks (ANN) to obtain a
time-continuous ROM usable in engineering practice. The resulting MOR framework is purely
data-driven, i.e., it does not require any information on the full order model (FOM) structure,
which extends its applicability. On the other hand, compared to the standard projection-based
approaches to MOR, the dimensionality reduction utilizing sPOD and ANN is significantly
more computationally expensive since it requires a solution of high-dimensional optimization
problems.
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1 Introduction

The ongoing progress in numerical methods and available computing power allows for development
of more and more complex numerical models, which tend to be expensive from the point of view of
data storage and simulation time. However, the industrial practice often calls for system control or
optimization based on these high-fidelity models. This situation promotes development of various
approaches to model order reduction (MOR), i.e. to derivation of low-dimensional models from
experimental or numerical data [1, 2].

In fluid dynamics, MOR approaches are often based on modal decomposition of available data,
which allows to characterize the model internal dynamics and works for non-linear systems [3,
4, 5]. An example of such approach is the proper orthogonal decomposition (POD) combined
with the Galerkin projection and discrete empirical interpolation method (DEIM) [3] as used for
example in [1]. Nevertheless, most methods are based on an approximation of the snapshot matrix,
Y = (yij) = (y(xi, tj)), Y ∈ Rm×n, comprising the complete system data by

Y ≈ Y ℓ =
ℓ∑

r=1

ψr ⊗ ηr = ΨℓHℓ , Ψℓ = [ψ1, . . . , ψℓ] ∈ Rm×ℓ , Hℓ = [η1, . . . , ηn] ∈ Rℓ×n , (1)

i.e., by a sum of ℓ dyadic pairs (ψr ⊗ ηr)ij = ψr(xi)ηr(tj), where {ψr}ℓr=1 are the spatial modes,
toposes, and {ηr}ℓr=1 are the time-dependent amplitudes, chronoses. In other words, the columns
of the matrix Y are approximated via a superposition of ℓ≪ n toposes.

However, the dynamical behavior of transport-dominated systems usually cannot be described
via a superposition of a few spatial modes. Consequently, the transport-dominated phenomena
frequently pose a challenge for the standard mode-based methods [2, 4, 6]. Recently, several
approaches to enable MOR of transport-dominated systems were proposed, see e.g. [2, 7, 8] and
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references therein. Usually, these approaches are based on introducing some time-dependent shift,
or, transport operator, to compensate for the transport. One of these approaches is the shifted
proper orthogonal decomposition (sPOD) introduced by Reiss et al. [2] and reformulated in a
more rigorous manner in [4]. In sPOD, the time-dependent shift is combined with a procedure to
separate the different transports in the system, i.e. to sort the input data into several co-moving
frames depending on the definition of the transport operators.

The aim of the present work is to practically apply sPOD for MOR of transport-dominated
systems. While the ultimate goal is to devise a framework applicable to time-parameter or multi-
parameter dependent partial differential equations (PDEs), in the present contribution we focus
solely on the time-dependent systems. Consequently, the sought reduced order model (ROM)
has to be computationally cheap and continuous in time. While sPOD exhibits great promise
in approximation of data originating from transport-dominated systems via just a few spatial
modes in the respective co-moving frames, it practically disallows for utilization of the standard
projection-based approaches to the reduced order model construction [2]. In order to allow for
practical application of sPOD in MOR, we propose to replace the projection framework by an
interpolation between the discrete values {ηr}ℓr=1 utilizing an artificial neural network (ANN), an
idea usable for parametrized PDEs and similar to the one presented in [9] and in [10].

In the following, we briefly present the model order reduction problem, outline the fundamentals
of MOR based on POD combined with Galerkin projection, and give the basics of the shifted POD
while emphasizing the challenge it poses for projection-based MOR. Afterwards, the proposed
framework based on coupling POD and sPOD with ANN-based interpolation is described and
illustrated on numerical examples motivated by model order reduction of CFD-DEM data [11, 12].

2 Methods

Problem formulation and specifics The general goal of the model order reduction is to reduce
the computational complexity of a system (full order model, FOM) by reducing its degrees of
freedom (DoFs). As an example, let us focus on a general non-linear partial differential equation
(PDE) for an unknown function y : I = (0, T ] ⊂ R× Ω ⊂ R3 → Rk,

ẏ + L(t, y) = 0 , ∀(t,x) ∈ I × Ω

y(t,x) = g(t,x) , ∀(t,x) ∈ I × ∂Ω , y(x, 0) = y0 , ∀x ∈ Ω
(2)

where the operator L : R × Ω → Rk represents all terms of the original PDE apart from the
temporal derivative, Ω is an open bounded domain and ∂Ω its boundary, and g : I × ∂Ω → Rk

and y0 : Ω → Rk boundary and initial conditions, respectively. After a semi-discretization of (2)
via an arbitrary numerical method (FVM, FEM, FDM,. . . ), we obtain the system

ẏh + Lh(t, yh) = 0 , ∀t ∈ I , yh(0) = yh0 . (3)

Now, let m̃ be the number of DoFs in Ωh, the spatial discretization of Ω. Then yh : I → Rm,
m = m̃ k, in (3) is the spatial semi-discretization of the function y and Lh : I × Ωh → Rm is the
spatial discretization operator corresponding to L. Hereafter, we will work solely in the spatially
discrete setting and omit the superscript h.

Note that the system (3) can be usually expressed in the form

ẏ = Ay + b(t, y) , ∀t ∈ I , y(0) = y0 , (4)

where Ay, A ∈ Rm×m, represents the linear part of the system and b(t, y) the system non-linearities.
In the following, we will refer to the system (4) as to the full order model (FOM).

The examined approach to MOR is an a-posteriori one. Thus, to construct the ROM, it is
necessary to have not only the FOM (4), but also its solution snapshots saved at given times,
S := {yj := y(tj)}nj=1 , tj ∈ (0, T ], where n is the number of system snapshots. In fact, the general
MOR goal, i.e. to approximate the set S as well as possible by the means of a low-dimensional
surrogate ηℓ : I → Rℓ, ℓ≪ m, can be achieved without the knowledge of (4), provided the dataset
S is sufficiently large.
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Projection-based model order reduction and proper orthogonal decomposition In the
standard projection-based MOR, see e.g. [13], the surrogate ηℓ is sought as a solution of a modified
equation

η̇ℓ = Aℓηℓ + f ℓ(t, ηℓ), ∀ t ∈ (0, T ], ηℓ(0) = ηℓ0 (5)

constructed by a projection of the original system (4), the solution of which lies in the space
V, dim (V ) = m, onto a low-dimensional subspace V ℓ ⊂ V, dim (V ℓ) = ℓ≪ m. The projection itself
is usually linear (Galerkin), i.e. Aℓ := (Ψℓ)TAΨℓ ∈ Rℓ×ℓ and f ℓ := (Ψℓ)Tb(t,Ψℓη), Ψℓ ∈ Rm×ℓ.
The unknown function ηℓ : R → Rℓ is formally defined as ηℓ(t) := (Ψℓ)Ty(t) and the initial
condition is projected as ηℓ(0) = (Ψℓ)Ty0.

The quality of approximation of y via ηℓ and the reduced order model dimension is directly
dependent on the choice of the projector Ψℓ. One of the most popular choices for the Ψℓ con-
struction based on the data S is the proper orthogonal decomposition [13, 14] which technically
reduces to a singular value decomposition (SVD) of a matrix Y = ΨΣXT constructed from S as
Y = [y1, . . . , yn] ∈ Rm×n [2]. After truncation, the SVD of Y can be rewritten in the form used in
equation (1), i.e. as

Y ≈ Y ℓ = ΨℓHℓ, Hℓ = Σℓ(Xℓ)T ∈ Rℓ×n , Σℓ = diag (σ1, . . . , σℓ) , X
ℓ ∈ Rn×ℓ , (6)

where each column ψr, r = 1, . . . , ℓ of Ψℓ corresponds to a single spatial mode, topos, of the modal
decomposition of Y and each row ηr, r = 1, . . . , ℓ of H is a time-dependent amplitude, chronos.
Note that only the first column of Hℓ is used in POD-Galerkin ROM construction. However, the
full matrix Hℓ is available from SVD of Y .

Finally, inspecting the reduced non-linearity definition in (5), it may be noted that its evaluation
is inefficient as it is necessary to first evaluate the full order non-linearity for the variable Ψℓη ∈ Rm

and then to project the result back to V ℓ. However, a number of approaches have been proposed
to improve the efficiency of the reduced order model non-linearity evaluation, see e.g. the DEIM
by Chaturantabut and Sorensen [3].

0 x

f(x− ct1) 0 x

f(x− ct2)

tt2

t1

x = ct

Figure 1: Advected sharp Gaussian pulse.

Shifted proper orthogonal decomposition To illustrate the shortcomings of the standard
modal decomposition approaches such as POD, see (1), let us consider a one dimensional advection
equation for a transported quantity φ,

∂tφ+ c ∂xφ = 0 , ∀(t,x) ∈ I × Ω = (0, T ]× (0, L] , (7)

where L is the domain length and c is the transport velocity. For arbitrary initial conditions
φ(0, x) = f(x), a general solution of (7) may be written in the form of a traveling wave φ(t, x) =
f(x − ct). The situation for the case of c > 0 and f(x) = exp (−(x − x0)

2/δ) being a Gaussian
pulse is illustrated in Fig. 1.

Using the Gaussian pulse, fixing δ = L/50, generating a matrix of snapshots Y = [f(x −
ct1), . . . , f(x − ctn)], t1 = 0, tn = L, n = 185, and computing its singular value decomposition
leads to a slow decay of singular values, see Fig. 2a. However, if the transport is compensated by
a time-dependent shift T −∆t

(f(t, x)) := f(t, x+ ct) and ∆t := ct, which transforms the traveling
pulse into a stationary frame, we need only a few modes to decompose the data up to machine
precision, see Fig. 2b.

Generalizing the concept introduced in the previous paragraph and noting that there may be
multiple transports in the studied system, the low-dimensional approximation yℓ of the full order
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Figure 2: Right traveling wave for a Gaussian pulse, scaled singular values (σR) decay (a) for a
direct POD application, (b) after transforming the data from a co-moving frame into a stationary
one.

model unknown y is sought in the form

yℓ(x, t) =

Nf∑
k=1

T∆t
k

(
ℓk∑
r=1

ψk
r ⊗ ηkr

)
=

Nf∑
k=1

T∆t
k

(
Ψℓk

k H
ℓk
k

)
, (8)

where Nf is the number of frames of reference, i.e. the number of transports in the studied system.
However, using (8) in model order reduction has a few specifics. First, the transport operators

T∆t
k , k = 1, . . . , Nf , have to be known a-priori, which requires a level of physical insight into the

studied system behavior. Next, T∆t
k , k = 1, . . . , Nf have to be, up to numerical errors, invertible

and continuous with respect to time and, for time-parameter dependent systems, with respect to
other system parameters. Finally, decomposing the source data Y into Nf frames and embedding
each decomposition Ψℓk

k H
ℓk
k in a unique operator disallows using any Ψℓk

k , k = 1, . . . , Nf , for
projection of the system (4) from the full order space V into a single low-dimensional subspace V ℓ.

Note that the shifted proper orthogonal decomposition was not yet mentioned in the present
section. The reason being that the general idea of applying a transport operator to the source data
in order to improve their decomposition properties is not unique to it, see e.g. [7, 8]. The uniqueness
and specificity of sPOD lies in splitting the data in Y into k individual frames of reference, where
each frame contains a transport describable by T∆t

k . The data sorting is implemented as an
optimization problem that performs Nf SVD decompositions in each iteration. In other words,
each optimization problem iteration is approximately Nf times more computationally demanding
than POD. However, a detailed discussion of the sPOD algorithm is outside of this paper scope
and the reader is referred to the literature [4].

PODIANN and sPODIANN frameworks The proposed approach to model reduction of trans-
port dominated systems comprises (shifted) Proper Orthogonal Decomposition and Interpolation
using Artificial Neural Networks (PODIANN if POD is used and sPODIANN for the case of shifted
POD). The framework for time-dependent systems is summarized in Fig. 3. Note that the idea of
coupling the proper orthogonal decomposition with machine learning approaches was already inves-
tigated, even for time-parameter dependent systems (parametrized PDEs), see e.g. [10]. However,
utilizing the shifted POD variant is, up to the authors knowledge, a novelty.

The overall framework is the same for both PODIANN and sPODIANN. In the case of PODI-
ANN, the framework is purely data-driven, i.e., the matrix Y is sufficient for the ROM construction
as the toposes Ψℓ and chronoses Hℓ in the decomposition (1) are obtained from SVD of Y and
a time-continuous ROM is obtained by training an ANN on Hℓ to provide a chronos estimate η̃ℓ

for any t ∈ [0, T ]. Note that for the purely time-dependent case and PODIANN, using ANNs
to estimate η̃ℓ is rather ineffective as they can be replaced by standard interpolation methods.
However, interpolation may not be sufficient when moving towards parametrized systems.

The sPODIANN framework, in which the shifted POD is used, needs to account for the trans-
port operators. First, the method is no longer purely data driven because a-priori knowledge of at
least {T∆t

k}Nf

k=1, the discrete version of the transport operators, is required. Furthermore, either

directly the continuous {T ∆t
k}Nf

k=1 or their estimates are required in the framework online stage.

Note that if only {T∆t
k}Nf

k=1 are known, ANNs may be once more applied for the construction of

{T̃ ∆t
k}Nf

k=1. For a time-dependent system and a general transport operator in three dimensions,
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Figure 3: PODIANN and sPODIANN framework architecture. The modifications required to
replace POD by sPOD for time-dependent systems are given in green.

the estimator needs to provide a mapping I → R6, i.e. for each time t ∈ (0, T ] a positional and
rotational vectors x,θ ∈ R3 need to be estimated.

The most limiting factor of the sPODIANN framework practical applicability lies in the offline
stage computational costs, i.e. in the training data generation and ANN training as depicted in
Fig. 3. In particular, the training data generation requires sPOD decomposition of the matrix Y ,
which by itself comprises a high-dimensional optimization problem requiring repeated SVD of Y .
Here, the shifted robust PCA [15] can alleviate costs. Furthermore, an ANN needs to be trained

to estimate η̃ℓ and if continuous {T ∆t
k}Nf

k=1 are not known, another ANN is required to provide

{T̃ ∆t
k}Nf

k=1.

3 Numerical examples

The PODIANN and sPODIANN frameworks capabilities are illustrated on three numerical exam-
ples. First, we focus on the canonical case of a laminar flow around a cylindrical obstacle, the
von Kármán vortex street, and compare the PODIANN framework results with a standard POD-
DEIM approach published in [1]. Next, two transport-dominated systems are used to illustrate
the sPODIANN behavior for cases with multiple co-moving frames. In particular we have chosen
a case with two discs moving with different prescribed velocities; and a case with two impellers
rotating inside a square cavity.

von Kármán vortex street The von Kármán vortex street displays behaviour convenient for
POD-based reduced order modeling. Specifically, at low Reynolds numbers, the shedding of the
vortices is periodic. In the studied case of Re = 100, only a few POD modes is needed to construct
a ROM of sufficient accuracy.

The full order model used to generate data corresponded to a finite volume simulation performed
on a mesh comprising 17900 cells. Altogether 751 snapshots of flow variables were saved and used
to prepare a POD-DEIM and PODIANN ROMs of dimensione ℓ = 6. In Fig. 4, we show the test
case results for the velocity field. The decay of scaled singular values for the matrix of snapshots is
depicted in Fig. 4a. In Fig. 4b, we compare the time evolution of a space-mean relative error εR (see
the definition in Fig. 4a, where y = max∀t{max{|y(t)|}} and y = min∀t{min{|y(t)|}}), between the
FOM and ROM. Note that εR achieved with PODIANN, i.e. using POD with temporal interpola-
tion via ANNs, is of the same order of accuracy as achieved with POD-DEIM approach used in [1].
Furthermore, the qualitative results of FOM, PODIANN, and POD-DEIM are indistinguishable
by naked eye, see Fig. 4c-e.
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Figure 4: Von Kármán vortex street, (a) singular value decay, (b) comparison of time evolution
of the global relative error between ROM and FOM for POD-DEIM and PODIANN, (c) – (e)
qualitative view of the velocity field at t = 20 for FOM, PODIANN and POD-DEIM, respectively.

Moving discs and POD approach failure The first transport-dominated system corresponds to
two discs moving inside a periodic rectangular domain with two different velocities c1 = 0.2LT−1

and c2 = 0.35LT−1, respectively. The domain Ω of length L = 1L and width W = 0.2L was
discretized into 30000 FV cells. The full order model was computed with the CFD-DEM solver
described in [12]. The solver tracks the position of moving solids via a scalar field λ : Ω → [0, 1],
where λ = 1 inside the solid phase, λ = 0 in fluid and λ ∈ (0, 1) on the fluid-solid interface. Note
that because of the solver architecture, (i) no evolution equations are available for the λ field, and
(ii) the solver is capable of constructing the discrete transport operators for each solid body.

0 20 40 60 80
10−16

10−8

1

number of modes

σ
R

POD

sPOD frame 1

sPOD frame 2

0 0.2 0.4 0.6 0.8 1

0

0.5

1

position along the domain

λ

FOM

PODIANN

sPODIANN

(a) (b)

(c) (d) (e)
1.0

λ [−]
0.0

Figure 5: Two moving discs, λ (a) singular value decay for POD and first frame of sPOD, (b) slice
of the λ field at W/2 in FOM, PODIANN and sPODIANN reconstruction, (c) – (e) qualitative
view of the λ field at t = 0.42 for FOM, PODIANN and sPODIANN, respectively.

In Fig. 5, we show similar results as in Fig. 4, this time for the λ field from the CFD-DEM
solver. Note the slow singular value decay obtained via POD in Fig. 5a and even with 20 spatial
modes the POD-based ROM results are unacceptable, see Fig. 5b and d. In contrast, sPOD is
capable of sorting the data in frames corresponding to each moving discs. Consequently, a single
topos is required to describe each disc, sPOD returns only two non-zero singular values, and using
these two toposes is sufficient to prepare a ROM of sufficient accuracy.

The velocity field (u), which is generated by the discs movements, behaves similarly to the λ
field, cf. Fig. 5 and Fig. 6. This time, the POD ROM is based on 12 spatial modes, while the sPOD
one on two modes for each of the two frames (four modes in total). Once more, the sPODIANN
framework results are qualitatively better than the PODIANN ones, cf. Fig. 6e and d.
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Figure 7: Two rotating impellers, (a) singular value decay for POD and first frame of sPOD, (b)
slice of the λ field atW/2 in FOM, PODIANN and sPODIANN reconstruction (c) – (e) qualitative
view of the λ field at t = 1.005 for FOM, POD and sPOD, respectively.

Rotating impellers The last studied case is based on two rotating impellers in a square cavity
of W = L = 1L. The two impellers rotate with angular velocities of ±2π radT−1. Consequently,
the transformation operators T ∆t

k describe the impellers rotation and are defined by ∆t
k := (−1)k ·

2π rk t, k = 1, 2, where rk is a vector field defining radial coordinates of the points in Ω with
respect to the k-th impeller centroid. In Fig. 7, we show results for the λ field analysis. Once
more, nonphysical oscillations may be identified in POD-based ROM results, see Fig. 7b and d.
These oscillations are significantly less pronounced in the sPOD-based approach, Fig. 7b and e.

4 Conclusion

In this contribution, we have outlined a framework for combination of the shifted proper orthogo-
nal decomposition with interpolation via artificial neural networks (sPODIANN). The shifted POD
significantly improves the dimensionality reduction efficiency for systems with dominant transport
and ANNs allow construction of a reduced order model for cases, in which only the discrete ana-
logue of the transport operators and no other information on the full order model (FOM) is known.
The proposed framework behavior was illustrated on three cases, the von Kármán vortex street,
where no shifts were needed and a simple comparison between a standard POD-DEIM and ANN-
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based approach was possible and two different transport dominated systems where we compared
the sPOD-based framework with its POD-based variant. The studied transport dominated systems
comprised two discs and two impellers moving with prescribed translational and rotational veloci-
ties, respectively. The sPOD-based framework outperformed the POD-based one for both systems.
In the following work, the sPODIANN framework will be extended for parametrized systems. A
special focus will be made on FOMs generating discrete analogues of sPOD transport operators.
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