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Abstract

An efficient and versatile immersed boundary method (IBM) for simulating fluid-structure
interaction (FSI) of compressible viscous flows with a convex rigid body has been developed.
The compressible Navier-Stokes equations are discretized by globally fourth order summation-
by-parts (SBP) difference operators with built-in stability properties and the classical fourth
order explicit Runge-Kutta method.

The proposed Cartesian grid-based IBM enforces the solid wall boundary conditions at
ghost points. Bilinear interpolation of the flow variables at image points and the solid wall
boundary conditions are used to determine the flow variables at three layers of ghost points
within the solid body in order to introduce the presence of the body interface in the high order
flow computation.

FSI of freestream flow at Reynolds number 200 and Mach number 0.25 with an elastically
mounted circular cylinder is simulated. The equation of motion of the rigid body is solved by
the classical fourth order explicit Runge-Kutta method. The coupling between the fluid and
the structure is handled by exchanging the positions, velocities and forces at the fluid-structure
interface in each stage. The rate of energy transferred between the fluid and the structure is
investigated.

Keywords: Fluid-Structure Interaction, Immersed Boundary Method, High Order Difference
Methods, Summation-By-Parts Operators.

1 Introduction

The numerical simulation of fluid-structure interaction (FSI) has been of key importance in aero-
dynamics and other disciplines, in which the prediction of the interaction of fluid flow with rigid
or elastic bodies is decisive.

Frequently, the Arbitrary Lagrangian-Eulerian (ALE) approach has been used to describe fluid
flow in a time dependent domain using the Eulerian frame of reference and the structure on a
stationary domain using the Lagrangian frame of reference. In that partitioned approach, fluid
and structure are coupled by boundary conditions at the fluid-structure interface.

If the grid conforms to the fluid-structure interface, it will move and deform in time. Since the
grid deformation will require frequent regridding, the ALE approach with body-conforming grids
will be quite time consuming.

In the immersed boundary method (IBM), often a stationary Cartesian background grid is used.
Depending on whether a grid point is in the fluid domain or in the interior of the structure domain,
it is flagged either as a fluid point or as a solid point. The solid wall boundary conditions at the
fluid-structure interface can be enforced by a forcing function near the fluid-structure interface [1] or
by imposing the solid wall boundary conditions via grid point values adjacent to the fluid-structure
interface [2]. The application of IBM to FSI is reviewed by [3], [4].

High order summation by parts (SBP) operators have the advantages of built-in stability and
high accuracy [5]. Globally fourth order SBP operators have been used for an IBM to simulate
compressible flow over stationary and moving bodies, cf. [6], [7], [8]. That IBM has been extended
to FSI of compressible flow with an elastically mounted circular cylinder [9] and will be reported
here.

The paper is based on the first author’s research, see [11], [9], and structured as follows: In
section 2, some background theory for compressible flow and harmonic oscillators is presented. In
section 3, the discretizations of the fluid and structure equations and their coupling are described
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for the immersed boundary method. The numerical setup is outlined in section 4, and results of
the simulations are shown and discussed. The method is verified against previous results by [14],
[10] for flow over an elastically mounted circular cylinder. Conclusions are given in section 5.

2 Governing equations

2.1 Compressible Navier-Stokes equations

The compressible Navier Stokes equations are expressed in dimensionless conservative perturbation
form for the vector of the dimensionless conserved perturbation variables ~U = (ρ′, (ρu)′, (ρv)′, (ρE)′)T ,

where ρ′ =
ρ∗−ρ∗0
ρ∗0

, (ρu)′ = ρ∗u∗

ρ∗0c
∗
0

, (ρv)′ = ρ∗v∗

ρ∗0c
∗
0

, and (ρE)′ =
ρ∗E∗−ρ∗0E

∗
0

ρ∗0(c∗0)2 , cf. [7], [8]. ρ∗, u∗, v∗,

p∗, and E∗ denote the dimensional density, x -velocity component, y-velocity component, pressure,
and specific total energy, respectively. ρ∗0, p∗0, c∗0, and H∗0 are the dimensional stagnation den-
sity, pressure, speed of sound, and total enthalpy, respectively. Dimensional and nondimensional
quantities are denoted with and without superscript ∗, respectively. In this form the compressible
Navier Stokes equations can be written as

~Ut + ~F cx + ~Gcy = ~F vx + ~Gvy, (1)

where ~F c = ((ρu)′, (ρu)′u′ + p′, (ρv)′u′, (ρ0H0 + (ρH)′)u′)T and ~Gc = ((ρv)′, (ρu)′v′, (ρv)′v′ +
p′, (ρ0H0 + (ρH)′)v′)T are the nondimensional inviscid perturbation flux vectors in the x - and

y-directions, respectively. Here, u′ = u∗

c∗0
, v′ = v∗

c∗0
, (ρH)′ = (ρE)′ + p′, where p′ =

p∗−p∗0
ρ∗0(c∗0)2 = (γ −

1)
(

(ρE)′ − 1
2

((ρu)′)2+((ρv)′)2

1+ρ′

)
is the nondimensional pressure perturbation. The nondimensional

viscous perturbation flux vectors ~F v and ~Gv are defined similarly as in the standard formulation
of the compressible Navier-Stokes equations, cf. [7], [8]. A Newtonian fluid with the Sutherland
law for the viscosity, a perfect gas with the ratio γ = 1.4 of specific heats for air, and a constant
Prandtl number Pr = 0.72 are considered. The fluid flow equations are solved on a 2D Cartesian
grid in the transformed coordinates ξ and η. A coordinate transformation ξ = ξ(x, y), η = η(x, y),
cf. [7], [8], is used to improve the resolution near the immersed boundary as seen in Figure 1.

Figure 1: Cartesian grid near the circular cylinder for (x∗, y∗) ∈ [18D∗, 22D∗]× [18D∗, 22D∗], and
stretched grid away from the cylinder. Every 5th line is plotted. (Note that ∗ for the quantities in
the labels is omitted.)

2.2 Mass-spring-damper system

The modeling of an elastically mounted circular cylinder in freestream with FSI is examined to
investigate the accuracy of the FSI treatment of the current IBM. The cylinder is allowed to move
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freely in the x - and y-directions, restrained by a spring and damper. The equation of cylinder
motion is written as in [10] in nondimensional form as

~̈q + 2ζ

(
2π

U?

)
~̇q +

(
2π

U?

)2

~q =
2

πm?
~c(t), (2)

where ~q = (x∗/D∗, y∗/D∗)T is the nondimensional position vector, ~c = (cD, cL)T is the vector of
drag and lift coefficients, ζ = b∗/(2

√
k∗m∗s) is the nondimensional damping with b the dimensional

damping of the damper and k the dimensional stiffness of the spring, m? =
ρ∗s
ρ∗f

is the ratio of

the solid and fluid masses and U? = U∗/(f∗ND
∗) the dimensionless undisturbed velocity, where

f∗N = 1
2π

√
k∗/m∗s is the natural frequency of the circular cylinder with diameter D∗, and U∗ is

the dimensional undisturbed fluid velocity away from the body. ρ∗s and ρ∗f are the dimensional

body mass density and the surrounding fluid mass density, respectively. ~̇q = d~q/dt, and the
nondimensional time is defined by t = t∗U∗/D∗. Note that the nondimensional time t = t∗c∗0/D

∗

in (1) is different from t in (2), while the nondimensional x- and y-coordinates in (1) and (2) agree.
The second order ODE (2) for the displacement vector is rewritten as a first order system [9]

Q̇ = G(t,Q) . (3)

3 Discretization

3.1 Ghost point immersed boundary method

The ghost point immersed boundary method (IBM) by [6], [7], [8] is employed. In this method, the
fluid domain is discretized on a Cartesian grid. The solid is introduced by defining the fluid-solid
interface as the immersed boundary. Each grid point inside the immersed boundary is identified as
a solid point, while grid points outside and on the immersed boundary are fagged as fluid points.
To impose the boundary conditions at the immersed boundary, points inside the solid are used.
The solid points near the boundary that appear in the discretization of the fluid flow equations are
called ghost points, cf. Figure 2. Since the 6th order central difference method is used, its 7-point
stencil needs three layers of ghost points to impose the solid boundary conditions.

To determine the flow variables at these ghost points, a line normal to the immersed boundary
is extended from the ghost point. The point of intersection between the immersed boundary and
the normal line is called the body intercept (BI). The image point (IP) is found by reflecting the
ghost point about the boundary intersection point along the normal line, cf. Figure 2.

The no-slip Dirichlet boundary condition at the fluid-solid interface ~u = ~Uwall, where ~Uwall is
the velocity of the wall, determines the flow variable φ, i.e., u and v, at the body intercept, i.e.,
φBI . The flow variable φIP at the image point is computed by bilinear interpolation. Using the
second order approximation

φGP + φIP
2

= φBI , (4)

the flow variable φGP at the ghost point can be determined.
The Neumann boundary conditions ∂T

∂n = 0 for an adiabatic wall and ∂p
∂n = 0 for the boundary

layer approximation and thus ∂ρ
∂n = 0 by the equation of state, i.e., ∂φ∂n = β, where φ = ρ and φ = p

with β = 0, can be similarly imposed by setting the ghost point value φGP such that the second
order approximation

φIP − φGP
∆l

= β (5)

is satisfied, where ∆l = |~qIP − ~qGP | is the distance between image and ghost points. Again, the
value φIP at the image point is computed by bilinear interpolation.

3.2 Numerical method

3.2.1 Numerical solution of compressible Navier-Stokes equations

The first derivatives of the flux vectors, i.e., the terms ~F cx , ~G
c
y, ~F

v
x , ~G

v
y in equation (1), are discretized

by the 6th order SBP operator which is 3rd order accurate near the boundaries [12]. In the interior,

186 Prague, February 19-21, 2020_______________________________________________________________________



Figure 2: Illustration of the ghost-, image- and body intercept-points, cf. [6], [7], [8].

this globally 4th order accurate difference operator corresponds to the standard 6th order central
difference method. While that SBP operator is applied to approximate the viscous flux vectors
~F v and ~Gv up to the 3rd ghost point, the standard 6th order central difference method is used
at the fluid points near the immersed boundary. By the energy method, the SBP operator will
guarantee stability and will keep the energy of the system bounded by the initial conditions, if
proper boundary conditions are applied [5]. The in- and outflow boundary conditions are applied
by injection of the Navier-Stokes characteristic boundary conditions [8], [13].

For the time discretization of the fluid solver, the classical explicit 4-stage Runge-Kutta method
is used giving a 4th order accurate solution in time.

3.2.2 Numerical solution of mass-spring-damper system

This ODE-system (3) is also numerically solved by the classical explicit Runge-Kutta method. The

time step vector reads (∆t1, ...,∆t4)
T

=
(
0, ∆t

2 ,
∆t
2 ,∆t

)T
. The stages are then evaluated by

km = G(tn + ∆tm,Q
n + km−1∆tm), {m = 1, 2, 3, 4} . (6)

Here k0 corresponds to the acceleration and velocity at time tn, i,e., Q̇
n
. From the Runge-Kutta

stages, the solution at the new time level is calculated as

Qn+1 = Qn + ∆t

(
1

6
k1 +

1

3
k2 +

1

3
k3 +

1

6
k4

)
. (7)

These evaluations require that the time dependencies of G(tn + ∆tm,Q
n + km−1∆tm) are

evaluated, and thereby the values of cD(tn + ∆tm) and cL(tn + ∆tm) have to be calculated. This
is done by moving the immersed boundary of the body according to the estimates of acceleration
and velocity at each intermediate stage, m. The corresponding flow variables are evaluated as
U (m) = Un + km−1∆tm, where km = R(tn + ∆tm, U

(m)) with R the residual of the discretized
compressible Navier-Stokes equations (1). From this, the drag and lift coefficients are recalculated
and imposed at the corresponding stages as cD(tn + ∆tm) and cL(tn + ∆tm), respectively.

3.3 Fluid-structure coupling

The classical explicit Runge-Kutta method is employed to solve the mass-spring-damper system
(3) and the compressible Navier-Stokes equations (1) in parallel. At each stage, the intermediate
flow variables, U (m), are used to estimate the forces exerted on the structure as discussed in section
3.2.2. From these forces, the new position and velocity at the structure intermediate time levels are
evaluated. Those intermediate evaluations of the structure velocities are used to move the body.
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These velocities are also imposed as the velocity boundary conditions at the body surface at their
corresponding intermediate Runge-Kutta flow stage. The flow values at the freshly emerged fluid
points are determined by linear interpolation based on the new position and velocity [8]. This is
done to ensure that the Runge-Kutta flow solver is synchronous with the Runge-Kutta structure
solver. The pseudo code for the synchronous classical explicit Runge-Kutta flow and structure
solver is given in [9].

4 Results

4.1 Setup of elastically mounted circular cylinder in freestream

The test case of an elastically mounted circular cylinder in freestream is taken from [10] to verify
our IBM for FSI against their one and against the spectral element method in an accelerated
frame of reference [14]. The circular cylinder with diameter D∗ is centered at x∗0 = y∗0 = 20D∗

in a channel 90D∗ long and 40D∗ high. This domain is large enough to reduce boundary and
wave reflection effects [6]. Symmetry boundary conditions are imposed at the upper and lower
boundaries. Yang and Stern [10] used a smaller domain which was 40D∗ long and 20D∗ high.
They applied freestream conditions at the top and bottom boundaries, a freestream inlet condition
and a convective outflow condition, cf. [10].

The present solutions are calculated on a 441× 261 grid, with 115101 grid points in total. The
domain is structured by 9 blocks, where the block with the cylinder has the finest grid. The nine
blocks are used for the parallelization of the flow solver [8]. In the block containing the cylinder,
a fine grid spacing of ∆x∗=∆y∗=D∗/50 was used. The grid spacing is smoothly stretched to
∆x∗ ≈ ∆y∗ ≈ D∗/2 near the domain boundaries [11]. The grid is presented in Figure 1.

4.2 FSI of elastically mounted circular cylinder in freestream

The elastically mounted circular cylinder in freestream is simulated at Reynolds number Re=200,
Ma=0.25 as to be comparable with the incompressible results of [10] and [14]. The 2D laminar
flow is simulated with air at conditions presented in section 2.1.

The cylinder is initiated at position (20D∗, 20D∗), which was chosen as the equilibrium position
of the mass-spring-damper system. The cylinder was held in place until nondimensional time

t =
t∗c∗0
D∗ = 520, when vortex shedding had developed for the fine grid solution. The nondimensional

time step was set to ∆t = ∆t∗
c∗0
D∗ = 8 · 10−3 corresponding to Courant number C = 0.48 and

C = 0.24 for the fine grid ∆∗ = D∗

50 and the coarse grid ∆∗ = D∗

25 , respectively.
The parameters of equation (2) are set in accordance with [10] as U? = 5, ζ = 0.01 and m? = 4

π .
Figure 3 shows the periodic motion of the cylinder after a periodic solution was reached. The axis
in the left plot of Figure 3 is shifted so that x = 0 matches the point where the trajectory crosses
itself in the x -direction. This point corresponds to the center of the figure eight oscillations. The
frequencies of the oscillation are f∗y = 14.9[Hz], and f∗x = 30.0[Hz], where the subscript indicates
the direction of oscillation. To compare with previous results, the frequency is nondimensionalized
with f∗0 = 1

t∗0
= U∗

D∗ . The dimensionless frequency in the y-direction was found to be fy = 0.181,

where fy =
f∗yD

∗

U∗ , which is the Strouhal number, St. This result is in quite good agreement
with [10] where the observed frequency was fy = 0.187. The observed frequency lies very close
to the observed vortex shedding frequency of the released cylinder, St = 0.182, meaning that
the oscillations synchronize with the vortex shedding frequency. The observed vortex shedding
frequency before cylinder release was funreleased = 0.190. The frequency of oscillation in the x -
direction was fx = 0.364 for the fine grid solution ∆∗ = D∗

50 , while the frequency was lower for the

coarser grid with ∆∗ = D∗

25 where the frequency was found to be fx = 0.360. In the y-direction
the same oscillation frequency is observed for both grids.

Figure 3 (left) shows that both the present and previous simulations appear to create the
same periodic motion, a slanted figure eight shape. Previous results appear to converge towards a
solution upon grid refinement, which is also observed in the present results [9].

Figure 3 (lower right) shows that the x-coordinate x∗c of the center of oscillation for the finest
grid solution of [10] is about x∗c = x∗0 + 0.651D∗. The present results place the center of oscillation
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Figure 3: Comparison of the cylinder centerline trajectory (left plot) and the cylinder velocity
components phase plots (right plot) for elastically mounted circular cylinder at Re=200, Ma=0.25,
m? = 4

π . The plots are taken from [10] and overlaid with present results.
Green solid line: [10] with 160 × 120 grid; Cyan dashed line: [10] with 320 × 240 grid; Blue
dashed-dotted line: [10] with 640× 480 grid; Black circles (o): [14] (only left plot); Red bold line:
Present fine grid (∆∗ = D∗

50 ) and ODE and PDE simultaneously solved with the classical 4th order

Runge-Kutta method. (Note that ∗ for the quantities in the labels is omitted. u∗x = dx∗

dt∗ , u∗y = dy∗

dt∗ .)

further upstream at x∗c = x∗0 +0.616D∗. The present results are therefore in better agreement with
the results of [14], where the center of oscillation was x∗c = x∗0 + 0.62D∗. The trajectory of the
cylinder is wider in the x -direction for the present method than those of [10], [14]. This difference
indicates that either the drag forces or the solution of the structure equations differ between the
present and previous work. The present results with the classical explicit Runge-Kutta method
with a fine grid (∆∗ = D∗

50 ) are compared to the results using a coarser grid (∆∗ = D∗

25 ) and with
the explicit Euler method for a fine and a coarse grid in [9]. For all methods and grid resolutions,
the y-direction results match each other and previous results. The results in the x -direction match
each other for the same grid resolution. This match indicates that the method used to solve the
structure dynamics is not decisive for the results. This implication suggests that it is likely that
different calculated drag forces are the reason for differing results. This conjecture is supported by
the fact that the drag force calculated by this IBM was lower than those of other numerical results
for a stationary cylinder in freestream [11]. In the present results presented in Figure 3 (left), a
jump in the trajectory near (x∗/D∗ = 0.75, y∗/D∗ = 0.55) is observed. This is the location of the
start and end of the last period of the simulation. The jump indicates that the solution is not fully
converged in time.

The rate of energy exchange between the fluid and the structure is investigated for the present
FSI simulation. The rate of energy transferred from the fluid to the structure can be expressed in
the form

P =

∫
∂Ω

(pnjuj − njuiτij)dA = uFD + vFL, (8)
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where ∂Ω is the boundary interface between the fluid and the structure, nj is the j -th component
of the unit normal vector pointing into the structure, FD and FL are the lift and drag forces,
u and v the velocity components of the moving structure, p is the pressure, τij is the viscous
stress tensor component, and P is the rate of work exerted from the fluid flow on the structure.
Since the adiabatic boundary condition is applied at the surface of the circular cylinder, no heat
is transferred between the structure and the fluid.
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Figure 4: (Main) Dimensionless power added at different dimensionless cylinder velocities. (Upper
right) The corresponding position at different time intervals 1-8 during the cylinder trajectory.
Re=200, Ma=0.25, ∆∗ = D∗

50 , m? = 4
π . (Note that ∗ for x, y, D is omitted.)

How is the power transferred from the fluid to the structure when periodic oscillations are
reached? By looking at the transferred power, FDu + FLv, at different velocities, the pattern of
rate of energy transfer can be found. This can be seen in Figure 4. The transferred power in the x -
and y-directions FDu and FLv are separated and shown plotted against the velocity components
u and v, respectively. To relate these velocities to their corresponding positions along the cylinder
centerline trajectory at evenly spaced time intervals, an additional plot is added in the upper right
of this figure. These points are shown for one upper loop of the cylinder centerline trajectory
and are symmetric about the lower loop. The wiggles in the y-direction can be reduced by grid
refinement [9].

In the x -direction, the most power FDu is transferred near the midpoint between the two
extremes in x -position, i.e., at points 1 and 5. Point 1 corresponds to the most positive transferred
power. Here the signs of the drag force and the x -velocity component coincide at the point of
maximum velocity component. In this region, the fluid is exerting work on the cylinder. This
power is transferred over time into the spring’s potential energy. The spring force slows down the
cylinder up to point 3. From point 3 to 5, the spring transfers potential energy into kinetic energy
of the fluid.

The rate of energy transfer in the y-direction is more complex, as the lift coefficient changes
sign at points 1 and 8. cL is positive from 2 to 7. From point 1 to 3, the signs of the lift force and
y-velocity component coincide increasing the power FLv to the system. At the peak y-position,
near point 5, the spring pulls the cylinder down which opposes the lift force exerted from the fluid.
This continues until point 8, as the cylinder reaches its most negative y-velocity component. At
this point, the lift coefficient switches from positive to negative due to the shedding of a vortex.
After this point, the effect is symmetric to the rate of energy transfer from points 1 to 8.
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5 Conclusions

The present ghost point immersed boundary method based on globally 4th order summation-by-
parts difference operators has been verified for fluid-structure interaction of an elastically mounted
circular cylinder in freestream flow at Reynolds number 200 and Mach number 0.25. The power
exchanged between fluid and structure has been investigated.
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