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Abstract

Proper orthogonal decomposition (POD) and discrete empirical interpolation method (DEIM)
have become established tools for model order reduction in simulations of fluid flows. However,
including moving solid bodies in the computational domain poses additional issues with respect
to the fluid-solid coupling and to the solution of the movement of the solids. Still, it seems that
if the hybrid fictitious domain-immersed boundary method is used to include the solids in the
flow domain, POD-DEIM based approaches may be extended for four-way coupled particle-
laden flows. The present work focuses on the construction of POD-DEIM based reduced order
models for the aforementioned flows.
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1 Introduction

Industrial needs promote development of more and more complex models providing a detailed in-
sight in the physical phenomena occurring during increasingly complicated technological processes.
An example of such a research motivation is the optimization of the distribution of catalytic coat-
ing inside catalytic filters in automotive exhaust gas aftertreatment. Modeling of such a process
requires a simulation of a four-way coupled particle-laden flow in the complex domain of porous
catalytic filter walls. An attempt to provide a numerical solver (HFDIB-DEM) capable of such
simulations is presented in the contribution by Sourek and Isoz [15] in this proceedings. However,
the industry is ultimately interested in running optimization studies in which the cost function eval-
uation relies on time-intensive simulations using HFDIB-DEM solver. Therefore, it is necessary to
prepare a strategy to decrease the time of a cost function evaluation during these optimizations.

A way of decreasing evaluation costs of complex simulations are model order reduction (MOR)
techniques. For example, numerous non-linear dynamical systems exhibit a low dimensional phe-
nomena in the sense of the term as described in Katok and Hasselblatt [7]. In other words, upon a
construction of a matrix from the measured or simulated data, most of the variance is contained in
a few modes computed from the singular valued decomposition (SVD) of the constructed matrix
[3]. If a system exhibits the low-dimensional phenomena, it is possible to use an SVD-based basis
as a projector on a low-dimensional subspace of the original solution space. Next, a reduced order
model, which contains most of the variance of the original system, may be constructed in the
low-dimensional subspace.

In the MOR community, an example of such a SVD-based model order reduction techniques
followed by the system projection in a low-dimensional subspace is known as the proper-orthogonal
decomposition (POD) with Galerkin projection [6, 16]. Nowadays, the POD-Galerkin approach
is an established MOR technique used in numerous applications, see e.g. [8, 9, 14]. The classical
POD-Galerkin approach to MOR is usable only for systems with linear or bilinear systems [2, 10].
Therefore, it is usually extended by a special treatment of system non-linearities. Popular non-
linearity treatments are the empirical interpolation method (EIM) of Barrault et al. [1] or the
discrete empirical interpolation method (DEIM) of Chaturantabut and Sorensen [2].

In the present contribution, we build on the results published by Isoz [5] and use the POD-
Galerkin approach with non-linearities treated via DEIM (POD-DEIM) to perform model-order
reduction of Navier-Stokes equations extended by an advection of a scalar variable describing
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positions of solid bodies included in the computational domain via the hybrid fictitious domain-
immersed boundary method. If applicable, this MOR technique may lead to substantial cost
savings during the optimization of catalytic material distribution in catalytic filters.

2 Fundamentals of POD-DEIM based MOR

In the present work, similarly to [5], we prepare reduced order models (ROMs) for large-scale ODE
systems originating in finite volume (FV) spatial discretization of time- or parameter-dependent
partial differential equations. A scalar nonlinear PDE for an unknown function y : R × R3 → R
may be rewritten as

ẏ + L(t, y) = 0 , (1)

where the operator L represents all the terms of the original PDE apart from the temporal deriva-
tive. The corresponding spatially semi-discretized system is

∆Ωhẏh + Lh(t, yh) = 0, yh : R→ Rm , (2)

where Lh(t, yh) is the FV spatial discretization operator corresponding to the operator L and
∆Ωh := diag(δΩhi ) ∈ Rm×m is a diagonal matrix in which the symbol δΩhi represents the volume
of a single FV cell and m is the number of cells in FV discretization. From now on, we work solely
with yh, the spatially discretized approximation of y. Hence, the superscript h will be hereafter
omitted.

All the presented method are tailored for usage with the OpenFOAM software [11] in which
the operator Lh(t, y) has the structure Lh(t, y) := −Ã(t)y − b̃(t, y) and the system (2) may be
rewritten as

ẏ = A(t)y + b(t, y), y(0) = y0, A(t) = (∆Ωh)−1Ã(t), b(t, y) = (∆Ωh)−1b̃(t, y) . (3)

Note that the inversion (∆Ωh)−1 in (3) is (i) cheap because the matrix ∆Ωh is diagonal, and (ii)
needed only for a formal definition of a system suitable for MOR and not actually evaluated.

The applied POD-DEIM based MOR is an a-posteriori technique. Therefore, to construct the
ROM, it is necessary to have available not only the system (3) but also its solution snapshots saved
at given times, S := {yj := y(tj)}nj=1 , tj ∈ (0, T ]. The solution snapshots are saved in a matrix

Y = [y1, . . . , yn] ∈ Rm×n. The projector from the original system space V, dim (V ) = m, into
its low-dimensional subspace V `, dim (V `) = ` � m, is provided by the POD algorithm [16] and
based on the singular value decomposition of the matrix Y = ΨΣXT. In fact, it can be shown
that the matrix Ψ` := Ψ:,1...` ∈ Rm×` is, in the least square sense, the best possible orthogonal
projector that can be constructed from the data Y [16].

The POD based ROM constructed by using the matrix Ψ` to project the system (3) from the
original space V to the space V ` has the structure

η̇` = A`η` + f `(t, η`), ∀ t ∈ (0, T ], η`(0) = η`0 , (4)

where A` := (Ψ`)TAΨ` ∈ R`×` and f ` := (Ψ`)Tb(t,Ψ`η). The unknown mapping η` : R → R` is
formally defined as η`(t) := (Ψ`)Ty(t) and the initial condition is projected as η`(0) = (Ψ`)Ty0.

Upon an inspection of the reduced non-linearity definition in the POD based ROM (4), it can
be seen that its evaluation may be costly as it is necessary to first evaluate the full order non-
linearity for the variable Ψ`η ∈ Rm and then to project the result back to V `. These computational
costs may be mitigated using the DEIM algorithm of Chaturantabut and Sorensen [2], which is
a combination of POD with a greedy algorithm. Assuming that the system non-linearity b(t, y)
in (3) is pointwise evaluable, the reduced order non-linearity may be approximated as

f `(t, η`) ≈ f̃(t, η`) := (Ψ`)TΦp(Φp~i )
−1f(t,Ψ`

~i
η`) , (5)

where Φp ∈ Rm×p is a truncated POD basis obtained not for the solution, but for the non-linearity
snapshots and by ~i ∈ Np we mark a mask containing indices of the most important rows of Φp

as identified by the greedy part of the DEIM algorithm. Note that the argument of the DEIM
approximation of the system non-linearity, f̃ `, is from Rp, p � m and the resulting ROM is now
fully independent of the full order model dimension.
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Remark 1 Most of the numerical codes contain linearization of some of the non-linear terms in
the solved equations, see e.g. the treatment of the convective term in the momentum balance in
Navier-Stokes equations. Consequently, the full order model system matrix A in (3) is, in general,
time-dependent. To treat the time dependence of the matrix A, it is possible to sample the system
matrices the same way as the full system solution and to obtain A at the time t by an interpolation
between the full system matrix snapshots. Using the linear interpolation, it is possible to write the
approximate system matrix as

Â(t) := $(t)Ai−1 + (1−$(t))Ai, $(t) =
t− ti−1

ti − ti−1
, i = 1, . . . , n . (6)

Substituting the approximation (6) of the matrix A into A` matrix definition, we define an approx-
imate time dependent matrix of the reduced system as

Â`(t) := (Ψ`)TÂ(t)Ψ` = $(t)(Ψ`)TAi−1Ψ` + (1−$(t))(Ψ`)TAiΨ
` = $(t)A`i−1 + (1−$(t))A`i

(7)
and the reduced order model, once it is created, stays fully independent on the full system dimen-
sion.

3 Specifics of MOR for systems solved via HFDIB-DEM

The hybrid fictitious domain-immersed boundary method for inclusion of solids in flow computa-
tional domain combined with the discrete element method for the resolution of solids movements
is described in more detail in the contribution by Sourek and Isoz [15]. The flow is assumed to be
governed by the variant of Navier-Stokes equations for an incompressible Newtonian fluid,

M(u) = −∇p̃+ g + s

∇ · u = 0
,

M(u) =Mt(u) +Mx(u)

Mt(u) = ∂tu , Mx(u) = ∇ · (u⊗ u)−∇ · (ν∇u)
, (8)

where u is the fluid velocity, ν kinematic viscosity, p̃ kinematic pressure and g the gravitational
acceleration.

The additional source s in (8) ensures impermeability of the solid bodies and it is defined as

s = ceil (λ)s̃ , s̃ =M(uib) +∇p̃− g , (9)

where λ ∈ [0, 1] is a color function specifying the position of the solid bodies in the computational
domain. The values of λ are equal to 1 in FV cells containing solids, to 0 in the fluid and are
between 0 and 1 in the cells containing fluid-solid interface. The velocity uib corresponds to the
solid body velocity if λ = 1. If λ ∈ (0, 1), the values of uib are computed from the fluid and the
solid velocity as described in [15]. Note that the values of λ are updated during the simulation as
the solid bodies are advected by the flow.

With respect to the model order reduction, it is necessary to reduce the system (8), which is,
in principle, a standard form of the Navier-Stokes equations. Furthermore, it is necessary to deal
with the fact that for the field λ, there is no equation explicitly used to define its updates during
the simulation.

The applied approach to the reduction of the Navier-Stokes equations via POD-DEIM technique
is discussed in detail in [5]. We leverage the fact that in the SIMPLE-like CFD solvers, see e.g. [12],
the primary variable is the pressure. The final discretized iteration scheme to solve the system (8)
has the form

ND−1NTph,n = ND−1(gh + sh − (U + L)uh,o),

uh,n = D−1
(
gh + sh − (U + L)uh,o −NTph,n

) (10)

where we denoted the current iteration by the superscript o and the following iteration by n.
Furthermore, by h we mark discretized variables. The matrices D, U , and L are diagonal, upper
and lower triangular parts of the matrix M = D + U + L, while the matrix M is obtained by a
linearization and FV discretization of the operator M as defined in (8). Finally, N and NT are
FV discretizations of the divergence and gradient operators, respectively.
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The full order model, on which we will base the reduced order model, is

˙̃ph ≈ A(t)p̃h + b(t, p̃h), t ∈ (0, T ], p̃h(0) = p̃h0 ,

A(t) := −ND−1
x NT , b(t, p̃h) := ND−1

x

(
gh + sh − (Ux + Lx)uh,o

)
,

(11)

where the subscript x emphasizes that the matrices Dx, Ux and Lx are based on the operatorMx.
However, in OpenFOAM, the operatorMt contributes only to the diagonal part of the matrix M .
Therefore, Ux ≡ U and Lx ≡ L.

The relations (11) are based on the assumption that if one removes the velocity time derivative
from the operatorM, usesMx to construct the system for pressure (10)1 and moves all the terms
in (10)1 on the right hand side, the remainder on the left hand side corresponds to the pressure
time derivative.

Remark 2 We do not have a proof of the validity of the assumption ˙̃ph ≈ A(t)p̃h + b(t, p̃h).
However, based on the numerical tests presented in [5], it seems defensible. Furthermore, let us
point out that because the operator Mx is linearized prior to the FV discretization, the coefficients
in the matrices Dx, L and U and consequently the matrix A are time-dependent.

The up-to-now described methodology leads to a preparation of the full order model (FOM) for
pressure (11) and to its processing leading to a reduced order model (4). The described approach is
general and non-intrusive and can be used to process results generated by standard SIMPLE-based
CFD solvers for incompressible fluids including e.g. single- and multiphase flows, arbitrary mesh
interfaces and multiple reference frames. Nevertheless, it is usable only for the pressure.

In order to reconstruct the velocity based on the ROM results, there are two possible approaches.
In the first one, FOM in the form (3) is prepared from the momentum balance in (8) with the
velocity treated as the only variable. This approach leads to a higher quality results for u. On the
other hand, u and p reconstructed from the ROM results are no longer linked via the continuity
equation and can therefore be inconsistent. Furthermore, POD is based on a superposition of
modes describing the system state [13]. In convection-dominated flows, the number of modes
necessary to describe the velocity field dynamics and consequently also the dimension of the ROM
for the velocity increase. For detailed discussion of this phenomenon and a possible remedy, see
the work by Reiss et al. [13].

To reconstruct the velocity from the ROM results, we apply a different approach. We rewrite
the velocity field computation in (10) as

urec = D−1H −D−1NTprom, H := gh + sh − (U + L)u . (12)

The pressure field can be readily reconstructed from the ROM results, prom := Ψ`
pη
`
p. Furthermore,

NT is a FV discretization of the gradient operator. Therefore, to reconstruct the velocity field from
the relation (12), it is necessary to approximate the vector field H reordered in a way that H ∈ R3m

and the scalar field dinv := diag (D−1) ∈ Rm. The variables H and dinv are approximated via a
projection into a small-dimensional spaces followed by a linear interpolation between the stored
reduced fields, {

d`dinv,i =
(

Ψ`d
dinv

)T

dinv,i

}n
i=1

,

{
H`H =

(
Ψ`H
H

)T

Hi

}n
i=1

,

d̂`dinv(t) = $(t) d`dinv,i−1 + (1−$(t)) d`dinv,i , Ĥ
`H (t) = $(t)H`H + (1−$(t))H`H , i = 1, . . . , n ,

(13)
where $ was defined in (6), n is the number of the saved solution snapshots and Ψ`d

dinv
∈ Rm×`d and

Ψ`H
H ∈ R3m×`H are independent POD bases for dinv and H, respectively. Substituting from (13)

into (12), the velocity field is reconstructed from the MOR results as

urec(t) = diag (Ψ`d
dinv

d̂`dinv(t))Ψ`H
H Ĥ`H (t)− diag (Ψ`d

dinv
d̂`dinv(t))NTprom . (14)

The final variable that needs to be treated is λ, which defines the positions of the solids in the
computational domain. As it was stated above, the values of λ are updated based on HFDIB-DEM
coupling and consequently, there is no full order model in the form (3) to be exploited during the
ROM construction.
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For the purpose of the present work, we treat the scalar field λ the same way as the fields dinv
and H, i.e., at the time t, the ROM-based approximation of λ is,

λrec(t) := Ψ`λ
λ λ̂

`λ(t) , (15)

where Ψ`λ
λ ∈ Rm×`λ is the POD basis obtained from FOM snapshots for λ and λ̂`λ(t) is a low-

dimensional interpolant obtained similarly as in (13). However, different methods may be used to
provide ROM for λ. For example, from the point of view of the Eulerian CFD solver, λ is advected
by the flow field. Therefore, it should be possible to use the standard volume-of-fluid methodology
[4] and to generate an artificial discretization system for it. Such a system can be expressed in the
form (3) and used to prepare a standard POD-DEIM based ROM.

4 Numerical examples

To illustrate the behavior of the MOR method outlined in sections 2 and 3, we present three numer-
ical examples. The examples directly correspond to the simulations presented in the contribution
by Sourek and Isoz [15] in this proceedings. In particular, we focus on a reduced order modeling
of (i) the von Kármán vortex street at a low Reynolds number of Re = 300, (ii) a flow-induced
rotation of an impeller fixed at a center of a square cavity, and (iii) flow-induced movement and
rotation of an impeller inside a square cavity.

4.1 von Kármán vortex street

The von Kármán vortex street was selected as an example because it represents a well studied and
suitable case for the POD-based model order reduction. Namely, at low Re, the vortex shedding
behind the cylindrical obstacle is periodic. Therefore, only a few POD modes is necessary to
reconstruct the full order model solution with an acceptable level of accuracy. Furthermore, the
solid obstacle is not moving. Hence, there is no need to approximate the field λ and the test can
be used solely to illustrate the ROM quality for the pressure and velocity.
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Figure 1: Singular values of the matrix of snapshots for pressure (Yp) in the von Kármán vortex
street at Re = 300. Qualitative views of the first five POD modes are included in subfigures. The
cylindrical obstacle is outlined in the POD modes for better readability.

The results obtained for the von Kármán vortex street are depicted in Figs. 1 and 2. In total,
126 snapshots for p, H and dinv and a developed vortex street. In Fig. 1, we show the singular
values of the matrix of snapshots for the pressure (Yp) and the first five POD modes obtained for
Yp. A steep decrease in the singular values may be observed. Consequently, ROM based only on
five modes for pressure had the accuracy illustrated in subfigures of Fig. 2. The periodic behavior
of the flow is visible from the evolution of the Fourier modes η`p,i, which is depicted in Fig. 2.
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Figure 2: Evolution of the Fourier modes η`p,i, i = 1, . . . , 5 for ROM of von Kármán vortex street.
A qualitative comparison between the pressure and velocity fields of the original full order model
(fom) at t = 0.85 s and a corresponding reduced order model with the dimension of ` = 5 are given
in subfigures. The cylindrical obstacle is outlined in subfigures for better readability.

4.2 Movement of an impeller in a square cavity

The numerical examples dealing with a movement of an impeller in a square cavity are described
together. In both the cases, after the system reached a (quasi-)periodic state (see Fig. 3), we
saved 351 snapshots of the fields p, H, λ and dinv and used them to prepare ROMs. In the
case of an impeller rotating around a fixed axis, the studied system was almost ideally periodic.
Consequently, singular values of the matrix Yp exhibit a steep decrease, see Fig 4, and five POD
modes are sufficient to obtain a ROM of an acceptable quality as illustrated in the corresponding
subfigures of Fig. 3.

For an impeller freely moving inside a square cavity, the situation is more complicated. In this
case, the impeller is not only rotating arounds its center of mass, but also its center of mass is
subject to a rotational motion inside the cavity. Furthermore, there are sudden jumps in both the
linear and angular velocity of the impeller upon its contact with the moving lid of the cavity (for
the angular velocity, see Fig. 3). As a result, the system behaves quasi-periodically at best and its
behavior is strongly transport-affected. Such systems traditionally pose problems for POD-based
method of model order reduction [13]. In the listed example, 20 POD modes were necessary to
qualitatively describe the system dynamics. Furthermore, the first five POD modes (ψfree

i ) do
not exhibit the standard structure of POD modes of periodic systems and are substantially more
chaotic, cf. with ψrot

i in subfigures of Fig. 4.

5 Conclusion

In the present contribution, we outlined a procedure to construct POD-DEIM based reduced order
models for systems solved by the hybrid fictitious domain-immersed boundary method coupled with
the discrete element method. The behavior of the developed MOR methodology was illustrated on
three increasingly complex examples, i.e. (i) fixed solid and a periodic laminar flow (von Kármán
vortex street), (ii) rotating impeller and a periodic laminar flow in a square cavity, and (iii) freely
moving impeller and a quasi-periodic laminar flow in a square cavity. The presented approach
seems to be applicable in all the studied cases. However, some modifications such as application
of the shifted proper orthogonal decomposition by Reiss et al. [13] might be profitable for the last
studied case of a freely moving impeller, which is strongly transport-affected.
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Figure 3: Evolution of flow-induced impeller angular velocity for the cases of an impeller rotating
around a fixed axis and of an impeller freely moving inside a square cavity. Only the data for
t ∈ [1.5, 5] s were used for ROM construction. In subfigures, we include a comparison between
FOM and ROM solutions for pressure and velocity at t = 2.60 s. In all the subfigures, we highlight
the FV cells with λ or λrec ∈ [0.05, 0.95] to indicate the solid body position. By ”rot” and ”free”
we mark an impeller rotating at a fixed position and an impeller freely moving inside the cavity,
respectively. For further comments on the examples, see [15].
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Figure 4: Normalized singular values of the matrix of snapshots for pressure (Yp) and cases with
an impeller enclosed in a square cavity. Qualitative views of the first five POD modes are included
in subfigures. By ”rot” and ”free” we mark an impeller rotating at a fixed position and an impeller
freely moving inside the cavity, respectively.
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